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Unification based on SO*(14) Yang-Mills theory: the gauge
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Abstract. Gravity can be described as a gauge field theory where connection and curvature
are s0(2, 3) valued. In the standard gauge field theory for strong and electroweak interaction,
corresponding quantities take their value in the sw(3)@su(2)@u(l} algebra. Therefore,
unification of gravity with the other fundamental interactions is obtained by using the
non-compact simple real Lie algebra so*(14) >50(2, 3)@su(3)®s(2)Pu(1) as a unifying
algebra.

Commutation refations for s0*{14) are derived in a basis adapted to this subalgebra
structure, The so*(14) gauge field defined by a connection one-form on the SG*(14) princi-
pal fibre bundle unifies the fundamental interactions in particle physics, gravity included.
The 91 components of the connection contain the [0 anti-de Sitter gauge fields, the 12
gauge bosons associated with SUB@SU2)PULL), two SU(3) triplets of lfepto-quark
bosons, an anti-de Sitter five-vector which is also an S{42) triplet and finally two SU(3)
triplets of four-spinors which are also SU(2} doublets, Although se*(14) is a Lie algebra
and not a superalgebra. it is a general property of the theory that bosons and fermions can
be incorporated in irreducible supermultiplets.

The unified gauge field Lagrangian is defined by the Yang-Mills Weil form on the
S0%(14) principal bundle.

1. Introduction

The simple real Lie algebra so*(14) is non-compact [1], and thus the finite-dimensional
irreducible representations are non-Hermitian, Nevertheless, it is physically interesting
to consider this algebra in the context of a gauge theory describing the interactions
between elementary particles. The reason was given in [2]. Since so*(14)>
50(2, Dsu(3)Psu(2)Bu(l), there is the possibility to combine the subalgebra
su(3)Psu(2)Bu(1) on which the standard theory of strong and electroweak interactions
is based, with the Lorentz algebra so(l1, 3) cs0(2, 3}).

The Lie group SO*(14) is not a group of bosonic symmetries. The symmetry con-
nects particles of integer spin with particles of half-odd-integer spin. In general, an irrep
of so*(14) will contain both tensor and spinor representations of so(1, 3). Bosons and
fermions are incorporated in irreducible supermultiplets, although s0*(14) is a Lie
algebra and not a superalgebra. Therefore, a gauge theory based on SO*(14) escapes
the ‘no-go’ theorem of Coleman 2nd Mandula, who showed on very general assumptions
that any group of bosonic symmetries of the S-matrix in relativistic field theory is the
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direct product of the Poincaré group with an internal symmetry group [3]. Moreover,
in the model presented here, spacetime is never perfectly Minkowskian but anti-de
Sitter, and the spacetime isometry group is the anti-de Sitter group SO(2, 3) instead of
the Poincaré group. It is only in the limit in which the constant curvature of the anti-
de Sitter space goes to zero that this space tends to Minkowski space and the isometry
group SO(2, 3) contracts to the Poincaré group (e.g. see [4]). The fact that the SO*(14)
symmetry has the Poincaré group as spacetime symmetry only as a limiting case also
implies that the theorem of O’Raifeartaigh [3] does not apply, such that all members
of an irreducible multiplet of the internal symmetry group are allowed to have different
masses. It is for this reason that Tait and Cornwell [6] considered all unifications of
the de Sitter algebras with a real simple internal symmetry algebra. However, non-
trivial unifications of anti-de Sitter with the symmetries of the standard model are only
possible if the condition for a simple internal symmetry is relaxed to the case where it
is neither simple nor semi-simple, as in the present model.

By considering the spacetime symmetry as a local symmelry, gravitational inter-
action is introduced. The fact that the anti-de Sitter group can be used, instead of the
Poincaré group as the local symmetry on which gravity is based, has been known for
some time. The formulation of gravity as a de Sitler or anti-de Sitter gauge theory
started with the papers of Townsend, MacDowell and Mansouri [7]. More recently,
Zardecki used the notion of the connection of Cartan, to describe gravily in such gauge
formalism, and formulated the BrST invariance of the theory [§]. Gotzes and Hirshfeld
used a Cliffiord algebra valued Cartan connection to give a geometrical formulation of
anti-de Sitter gravity [9].

Essential in the formulation of these gauge theories for gravity is the notion of fibre
bundle reduction and the related concept of symmetry breaking [10-12]. If P(M, G) is
a principal fibre bundle with structure group G over spacetime M and [/ a closed
subgroup of G, then the existence of a principal subbundle Q(M, H), is equivalent to
the existence of a section (a ‘physical Higgs field} w: M — P/H, where P/H is the
associated bundlie to P by the action of & on the coset space G/H. There exists a one-
to-one correspondence between these sections and equivariant mappings
¢:P— G/Hc Vof the type (p, V') where ¥ is the vector space on which G acts through
a representation p: G — GL{¥') and G/ is the orbit space p(G) - vy, with voe G/H an
H-fixed point in V. Fulp and Norris [12] refer to ¢ as a ‘symmetry breaking Higgs
field”. In fact Q=@ '(vo). Using this concept of symmetry breaking, the original Lag-
rangian defined in the G-principal bundle P can be re-expressed in terms of quantities
defined in the H-principal sub-bundle Q. In [13] it was shown that within this geometric
framework it is possible to describe gravity and the electroweak theory with one type
of Lagrangian, a Yang-Mills Weil form on a principal fibre bundle over spacetime
whereby the curvature two-form takes its values in the anti-de Sitter and su(2) @u(l)
aigebra, respectively. Having described gravity as a gauge theory with symmetry break-
ing, geometrically seen completely similar to eleciroweak theory, unification of both
interactions within a Yang-Mills gauge theory becomes meaningful. The unifying alge-
bra is then s0*(10)>s0(2, 3)@su(2)@u(1). It is more natural to also incorporate the
strong interaction in this unification. A unifying algebra is then se*(14), and we have
to consider a symmetry breaking SO*(14) — SO(2, 3)@SUI)RSU(2)@ U(1).

If our unifying gauge group is to be a ‘good’ symmetry it should have a single gauge
coupling at super-high energies so that all interactions are truly unified. It should
therefore be a simple group. A natural choice is then SO*(14) since it is the smallest
simple Lie group that contains the required subsymmetries. It is, however, possible to
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consider other gange groups as a unifying group. In fact,
50(2, 3) ®su(3)Bsu(2) @u(1) = s0™(6) Dso™(8) = s0™(14) = 50™(16) (n.n

and s0*(16) is a maximum subalgebra of a non-compact real form of £s.

It is important to notice that undesirable consequences connected with the use of a
non-compact real form as a gauge symmetry, such as negative probabilities and non-
unitary S-matrix at the quantum level, can be eliminated. This was shown by Margolin
and Strazhev [14], who performed Yang-Mills field quantization in BRST formalism
for non-compact gauge groups.

It is the purpose of this paper to describe a unified gauge field for electrowsak,
strong and gravitational interaction. Therefore. after defining the Lie algebra so*(2n)
in section 2, we define in section 3 the basis operators for so*(14) appropriate to the
reduction scheme. Their commutation relations are given in section 4. In section 3, the
so*(14)-valued connection one-form is introduced and its curvature form calculated.
In section 6 the unifying gauge field Lagrangian is defined and elaborated. A discussion
and interpretation of the theory presented can be found in section 7.

2. The Lie algebra so*(2n)

The Lie algebra s0™(2n) is a real form of D,, the complex extension of so(2r). For
n>2, so™(2#n) is simple and for n > 1, these algebras are non-compact.

Let £, be the 1 X n matrix with all entries zero except on the intersection of the
vth row and wih column where it has the entry 1, and define

Auu'= Et.lu - va Svu' = i(Euu- + En-v) bow= l, 2, I ) (2. l)

low=—lyp=—1 Awe 0 Py = Aty = —1 Sov 0
P wo 0 Ay, oy Wy 0 _ va

AU I o Jo 4w
puu‘ pwu Aw[, 0 quw qu*u - Am‘. 0 -

The matrices iy, Pue, 1gon (2>w) and im,, (v2w) provide a standard basis for
so*(2n). We will follow the physical convention of putting an “” on the right-hand side
of commutation relations. The fundamental commutation relations of s0*(2r) are then
given by [2]

2.2)

[mrm' » ”TM] = i(5%‘ luu - 5,,, luw - 5uu [l'll' + 5u-u !ur)
[’nuw » pru] = !( _5u-r G + aur Guw = ‘Suu Gne + 5wu q::r)

[’nuu 3 qm] = i(awrpuu - 60.'!)‘1411' + 5wrpm - 5u'upur)

: 2.3)
[pun-a Pm] = 1(5111 qu + 5:" !uu- - 5r:u ,fu' - 5\1':4 19,-) = [Quw s Qru]
[Pvlﬂ Qm] = i(_awr L aur Py — 6rm Hlg, + 6wu m‘ur)
[lmro xlu] = i(—6wr Xow T 5urxu‘u + 5uu Ko = Suw xm)

where x,, denotes any of the basis operators fu, M, P, Gn-
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3. Basis operators

Since we consider a symmetry breaking G=S50%(14) = H=5S0(2,3)®@SU3)®
SU2Y® U(1) and a corresponding fibre bundle reduction from P(M, G) to Q(M, H),
we define here new basis operators for so*(14) appropriate to such a reduction scheme.
The Lie algebra ¥ =s50%(14) is written as a vector space direct sum,

G=#DT =502, 3)Psu(3)Dsu(2)Bu(1)DF (3.0)

where 5 is the Lie algebra of H and & the complementary vector subspace of ¥. Basis
operators for the anti-de Sitter algebra so(2, 3), for the su(3), su(2) and u(1) algebras,
are denoted as {K p=—Kp4} (4, B=0,1,2,3,4), {T}} (k=1,...,8), {1} (5=1,2,3),
and Y, respectively. They are defined by

Ko =%(P:3—p24) K02=_'1fo’13+424) Kus="%(P23+pu)

Ki2=— (1) — thgp+ Miyy — 1le) Kiz=5hat ba) Kyz == 5(nz+1sq) (3.2)

Ko =+ 5(n1y, + iy + i35+ 1244) Ku=3q3—g2) K=+1p3 +p24)

Kiy=—3gn+ qrs)

Ty =3mse Ty=3ls T3 =515 — Mes) Ta=3is7

Ts=4lsy Te=1h1er Ty=1il, Tg= (L)(mss + Fitgg — 213177) (3:3)
Ve

1= =33+ mq) ty=—3(i3+hy) t3 =31y + Mgy — iy — Mag) (3.4)

Y= —-_%(m_r.s + Mgg + #1177). {3.5)

Basis operators for the complement 7 of & in %, are defined by {S..}, {S,, 5"} (u=
1,2,3) and {Sauo, S™°=:8%7(y"5} (a, =1,2,3,4; o=1, 2), where

Sor =312~ G2a) So2= 3 pr2+ ps) So3=3(q14—g23)

Sy =514+ 3) Si2=% e+ b3) Sy3=—3(m2— M34)

831 ==l = ha) Sy =—3{114— Wiz3) So3=—4h2—ba) (3.6)
Sy = %(m:s — Hig4) S3= %(1 13~ l2q) Su= "'%(ml y = Hgp = Miay T Fitas)
Sa1=3{ps=—p12) Sa=¥q1+qu) Sa=2(p23—p1a)

8= per+iger) S2=4prs+iqss) Sy =§( psstigss)

§'=—i(psr—iqer) §%=—4prs—iqss) 8= —3(pse—igse) G
Stir=3bas+ imas) Sta1 =5(lsg+ irrtae) Star=Mley + ir147)

S1y2=Ylzs+ imas) S122=15(he+ img) S132= 3k + imy7)

Sy == §(las + 1i1135) San = —3{ ¢+ imss) Sa31 = —3{lyr+imy7)

Sa12=— (L5 + immmis) S22z =—3(l16+ i16) Saxz=3{hr+im7)

S =2p1s—iq:s) S =¥ P16~ iqrs) S =3 prr—iqi7) (35)
Sa12= = ¥(P3s — igss) Ss22= =3 P26~ igs6) Ss2=— i1~ igs1)

San = é( Pas—iqzs) San= %(st — 126} San = %(P:? —iqar)

Ss12= "%(Pas —igss) Sin=-— %(P% — iqae) Sip=— %(Pu —iga7).
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The S are obtained from the corresponding S ., after changing the sign before the
1" in the second term of these basis operators.
In a finite-dimensional representation, their hermiticity properties are

Khp= K" Ti=T, =1, Y=y (3.9
Sh= s Sh =5 Sto=587

and §$#7 is the ‘Dirac adjoint’ of S,,s. The anti-de Sitter indices 4, B are raised using
nif=diag(-1, 1,1, 1,-1).

We remark that so*(8)>se{2, 3)@su(2) is generated by {Kap,t;, 54} and
50*(6) >su(3)@u(1) by {7, Y. S, S¥}.

4. Commutation relations

After defining basis operators for so*(14), which reflect the subalgebra structure of
interest here, we define the commutation relations between these basis elements. They
are obtained straightforwardly by using the fundamental commutation relations given
by (2.3} and the definition of the basis operators in (3.2)-(3.8).

In the sequel, A4, B,C,D=0,1,2,3,4 are anti-de Sitter indices. The indices
a, B,y,5=1,2,3,4 label entries of the matrices o 45 and 7. The {45} provide a set
of basis operators of the fundamental spinor irrep of so(2, 3). Explicit definition of the
o4z and gamma matrices ¥ are given in the appendix. Indices 7, /, &k, /=1,..., 8 and
2, 4, F, =1, 2, 3 enumerate basis operators of su(3) and su(2), respectively, The indices
K, Ao i, v, E=1,2,3 and =, p, o, =1, 2 label the entries of the Gell-Mann matrices
Ay and Pauli matrices o, respectively.

The non-zero commutators are listed below, grouped according to their action on
subspaces # and 7

[, # ot

[Kaz, Keo)=1(nacKan+ NapKac— NacKep— 180K ac) (4.1)
[T, T1=if T« (4.2)
[1p, tg] =igpgts (4.3)
[#, T =g

[Kag, Sci}=—i04cSp:s+ 1080 Sus (4.4)
[Kas: Sapol = (6 48)2Spuc (4.5a)
[Kag, S%°1=—8P(0 15)} (4.55)
[T, Sul=1(Au);S. (4.6a)
{Te, §1=—38"(A)% (4.6b)
[T, Sepel= %(M);Sava (4.7a)
[Te, §%7)=—18" (A5 (4.7h)
[t Sagl =i8peSur (4.8)

[t.n Scrur.r] 2(0'.5)0 auc (4.9!‘.1)
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[, §7#°]=—58""(5.)7 (4.95)
[¥,8,]=1s, (4.10a)
(Y, §¥1=-38" (4.100)
(Y, Supcl=—5Suso (4.11a)
[¥, §ere]=35m (4.118)
7, T =¥

(5. 81= (A)iTe+ 6, Y (4.12)
[Sur, Sagl = ~i8aKap+inassngts (4.13)
[Sass Senc)=—2r57.05(5.)aSpur (4.14a)
[Sus. ST =38P (ysy )i(0)T (4.145)
[Sy, Savel = —1€41ya:877"Cap (4.15a)
[§#, 899 = —ig#¥ g7 Sy, . C®F (4.15h)
[Sapcr Spre] = ~i8uyy €08 Cup (4.16a)
[$%4%, §7*"]=is*""&""S,C*! (4.160)

[Sapes P = 8885 (M T +3558,(07) 5t~ 3058, Y
+16,85(0" PV 48— 1SV 7 Va0 )aS ac. (4.17)

The commutation relation (4.1) defines the anti-de Sitter algebra. In (4.2), the /%
are the structure constants of su(3) (for a list see, for example, [15]). The commutation
relations (4.3), where £},=1, are those for the su(2) algebra. In a finite-dimensional
representation, the commutation relations (4.5&) and (4.55) are each other Hermitian
conjugate. The same is true for the relations (4.6), (4.7), (4.9)-(4.11) and (4.14)-(4.16).
Since H is connected, [¢, ] <4 means that the homogeneous space G/H is reductive
[16].

5. The so™(14) gauge field
gaug

In the theory of fibre bundles, a gauge field is introduced as a connection one-form on
a principal fibre bundle [17]. Therefore, let P(M, G} be a G=S0"(14) principal fibre
bundle, (M, H)a H=50(2, 3}@SU(3)@SU(2)® U(1) sub-bundleof Pand y: 0 - P
the identity injection of @ into its extension P.

If ji is a connection one-form on P, then the restriction i of g to Q, i.e. g=y*j,
splits according to the Lie algebra structure into a #-valued part @ and a 7 -valued

part ¢:
u=a+g. (5.1)
From section 4 we have that [y,#, 7 <., which implies that @ is a connection one-

form on @ and ¢ tensorial one-form of type (Ad H, ) on @ [18], where Ad denotes
the adjoint representation of the symmetry group.
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We can expand the Lie algebra-valued connection @ and the tensorial one-form

¢ as

0=30"" Mzt 0 T+ 't 0 Y (5.2)
O= " S+ ¢ L+ T+ O S o ¥ Pope P (5.3)

with Hp=—1K.5, Fo=—iTs, £, =—it,, ¥ =—iY, ¥, =~i8,, "= —i8" Fus=—i54,
FSapo="1S0ue" GFeHT = —i§%° Here, #uz. i, ¢ and % form a basis for the anti-de
Sitter, su(3), su(2) and u(1) algebra, respectively. If the SO*(14) symmetry is broken
by the Higgs mechanism, the tensorial fields in the % -valued part of the connection
acquire a mass, while the components of @ are the gauge fields that remain massless
[12].

The transformation properties of the 91 gauge fields under SO(2,3)®
SUBMHRSURYRU() are

o1 _(10.L1L.0)®(5.1.3.008(1.1.3.0)@(1.8.1.0)@(1.1.1.0)

wA‘B' ¢As (05 C(Jk @ ¥

@(131dedil-Heds’2-Do@i2d

- 5.4
¢'y ¢f—r ¢.aﬂo’ (ba,uo' ( )
where the entries (n,.#;.#5.) represent the representations under the SO(2, 3), SU(3)
and SU(2) subgroups and the value of the U(1) generator, respectively. The normaliza-
tion of the L/(1) generator ¥ has been chosen as in [2]. We identify &®, transforming
as the 10-tensor adjoint representation of SO(2, 3), as the components of the anti-de
Sitter connection one-form. The 12 gauge bosons @*, @® and w” are associated with
SUG®RSURYRU(). In addition, there are 69 massive gauge fields, The ¢°¥° and
Gops , are four-spinors transforming as a triplet under SU(3) (u-index) and as a doublet
under SU(2) (¢-index). They link quarks and leptons that lie within the same multiplet
of SO*(14). Being fermions, baryon and lepton number-violating interactions mediated
by these ‘lepto-quarks’ are enormously suppressed. The ¢* and ¢, are colour triplet
lepto-quark bosons. Finally, we have an anti-de Sitter five-vector ¢**, which transforms
as a triplet under SU(2). If we identify ¥ with the weak hypercharge operator, then we
find, from the Gell-Mann-Nishijima relation Q=1;+1Y for the electric charge gener-
ator of the U(1), symmetry after electroweak symmetry breaking, that the lepto-quark
vector fermions ¢“#% have electric charge § and —£. The @, carry the opposite charge.
The ¢* and @, carry charges of # and —%. From the isotriplet ¢*° we have the charge
polarization combination 45‘4*:\/%— ("' F ¢**), ¢°=¢". The fields ¢“* then have
charge +1 and —1, whereas the ¢*° are neutral fields. These charge assignments can
be verified using {Q, w}=gy for fields v and by using the commutation relations of
section 4.
The reduction A=y*A to @ of the curvature A calculated from i on P, can be
written as [13]

A=du+iu, p]=Q+0+% (5.5)
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where
Q=do+i[o, o] (5.9)
O=d¢+[w, ¢) (5.7)
=3¢, 41. (5.8)

Here, [, ] denotes the exterior product of Lie algebra-valued forms.

Substituting the expressions {5.2) and (5.3) for @ and ¢ into (5.6)-(5.8), and using
the commutation relations given in section 4, yvields (the wedge product is assumed
between forms)

Q=3F* A g+ F T+ F ¢, + FY (5.9)
with

F=do"®+olen® {5.10)

Fr=do*+ifjo'e’ (5.11)

F'=do +ig,0" o (5.12)

F=deo’ (5.13)

=PV Ly + '+ O, P + QTP+ Dy o P (5.14)
with

cp_"*=d¢*’-=+ wEPT +igy 0l (5.15)

O =d¢¥ —fiw'¢" ()i — (Diw "¢ (5.16)

@, =dg, +5i0'd.(L);+ B, (5.17)

Qe = g™ — L ¢ (0 45)8 — 30 " (AN — i d™ " (0,)T + Biw '$7HT  (5.18)
Do = dPapa + 50" Ppua(045)a + 10O Pavo(A)) + 565 Ban (0.)5 — Bi Fae  (5.19)
and, finally
E=—3¢f 6™ +10™ Ppuc( oY) Hun— IS Pava + ¢ ) (M) Tk

(et PU — 1% Pap (V) —1(¢" B — 20™° o) ¥

+316" (71 (675 S

+182 & CP fapoBpveds~ 1puator Capd™ "9 'S

=3 €7 CP Gabpre — 5O O (¥5y )HON) S

~H(Eavu€: 0 Coa O+ 10" Bpuc( 757 E(0)5) F 7. (5.20)

In (5.9), F*% is the anti-de Sitter curvature two-form calculated from the anti-de Sitter
connection one-form w4+ F*, F" and F are the curvature two-fonns calculated from
the su(3), su(2) and u(1) connection one-forms w*, @ and @, respectively. In (5. 14),
%, @*, ®,, ®*° and @, are the exterior H-covariant derivatives of ¢, ¢*, Gy
¢°*7 and x;,,,‘,, respectively.
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6. Gauge field Lagrangian

Within the fibre bundle formulation of a Yang-Mills gauge theory, the gange field
Lagrangian on P(M, G} is defined as a Yang-Mills Weil form [13]

Ly(&, *B) (6.1)

where A is the curvature two-form calculated from the connection one-form fi on P,
* is the Hodge duality transformation, and L, an Ad{G)-invariant Weil polynomial of
degree two on the Lie algebra %, In the case % =s0*(14) considered here, the restriction
A of A to @ is a tensorial two-form on @ (see section 5). Then the restriction to Q of
the Weil form itself, i.e. Lx(4A, ¥*A)=y*Lo(A, *A), projects to a unique four-form & on
M such that [13]

LA, *A) =ty (6.2)

where r is the projection from Q on the base M.

The invariance of (6.1) under general gauge transformations (the vertical automor-
phisms of P} follows from the Ad(G) invariance of L, and the fact that A is a tensorial
two-form. Notice that in (6.2) the four-form % (Lagrangian on M) is defined without
using pull-backs through natural sections of P defined by a choice of a local trivialization
{gauge fixing) of the principal fibre bundle.

An Ad(SO*(14)}-invariant Weil polynomial on so*(14} of degree two is propor-
tional to

LAX, Y)==3tr(X) tr(¥) —tr(X V) (6.3)
where X, Yeso™(14). Since tr(m,,)=tr(L,) =tr(p.)=tr(g,) =0, and
tr(mm " "'Iuw) = 46{::« ]

T.l'(.!m' l,,“.) =4 ﬁu]

tf(Pru 'Puu‘) = 45?;“'] (64)
U’(Qm " va) == 45{;-]
tr(xn You) =0 ifx=#y

where x,,, Y. denotes any of the m,, . Pu. qu, it is straightforward to obtain that
Lo Hup. Hep) = Ci(faczp — apTac)
LA7;, T)=Cody
La(4y, 45)=C300
L%, %)y=C, (6.5)
L%, )= Csb,,
Lo(Sar, So:) = CsNandss
Lo(aua, PP = 686,55

with others zero. We introduced constants (), Cs, ..., C; since the Weil polynomials
are defined only upon an arbitrary constant.
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Using the multilinearity of L., we obtain
La(A, *A)Y= L€, *Q) + Ly(®, *@) + Lo(E, *E) +2La(Q, *T )+ 2Lo(P, *E). (6.6)

We then substitute the explicit expressions for Q, ®, T as given in (5.9), (5.14) and
(5.20) into the Lagrangian (6.6), and use (6.5). For the first two terms in (6.6) we
obtain

Lz(.Q., *Q) = '%CgFﬂB*FAB'l' Cng*Fk + C_';F"*FJ + C4F*F (67)
Lo ®, *®) =2C0"*®,, + Ce® ™ @ 4, + 20,0 * D, . (6.8)

The gauge field Lagrangian for the massless gauge fields o, o, ®° and o is given
by (6.7). For the massive fields, the kinetic terms are given by (6.8}. The last three
terms in (6.6) contain the interaction terms between the massless and massive fields
and self-interaction terms of the massive fields. As for the first two terms in (6.6), it is
straightforward to obtain their explicit expressions.

7. Discussion

By considering a field theory based on s0*(14), we are led to a unification of gravity
with the other fundamental interactions according to a GuT scheme. We have started to
build such a field theory by giving a field theoretical interpretation of the 91-dimensional
adjoint irrep of so*(14) with respect to the reduction so*(14)>s0(2, 3)@su(3)®
su(2)@u(l). We thus obtained the pure gauge field sector. In [2], branching rules of
the foregoing type are also given for the two fundamental spinor irreps, each of dimen-
sion 64, and for the defining 14-vector irrep of s0™(14). Including matter fields (fermions,
Higgs fields) in the theory consists of giving a fleld theoretical interpretation of these
branchings. Although we concentrate here on the gauge field sector, we wish to note
that fermions of the first generation can be placed in a pair of 64-dimensional complex
spinor irreps (64)- and (64)+ of so*(14). The su(2) doublet of four-spinors which is
an su(3) triplet in the (64)_ can be associated with a left-handed (u, d) quark doublet,
while the su(2) doublet of four spinors which is an su(3) singlet in the same irrep can
be associated with a left-handed lepton doublet (v,, ¢7). Their right-handed antiparti-
cles can be placed in the (64) .. The bosonic part of these supermultiplets contain a
coloured as well as a non-coloured so(2, 3) vector and scalar.

Gravitational interaction is created when the anti-de Sitter symmetry is broken
down to a Lorentz subsymmetry. The anti-de Sitter connection ,u'=%cu'”’.}m5, then has
to be interpreted as a Cartan connection on the anti-de Sitter frame bundle. The anti-
de Sitter algebra so(2, 3) splits into a Lorentz subalgebra so(1, 3} and a complementary
vector space R isomorphic with Minkowski space. The 10 generators 45z of the anti-
de Sitter group split into six generators J,,=: H#;, of the Lorentz subgroup and four
anti-de Sitter boosts P,=: (1/0)4,,, with [ the de Sitter length. The restriction of y’ to
the Lorentz sub-bundle, here the bundle O(A ) of orthonormal frames over M, splits
according to the Lie algebra structure into the sum of a Lorentz connection &' =30"/,;
and an R™’-valued part ¢'=I0*P,=0°P,, identified with the canonical or soldering
form 8 on O(M). The restriction to O(M) of the anti-de Sitter curvature two-form,
that is, A'=D*y’' =1F*2#, 5, has components

F=Qt 4 [7297¢* (7.1)
F4a = l—l®a (7.2)
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where 0% is the curvature two-form of the Lorentz frame bundle O(M) calculated
from the Lorentz connection ™, and ®“ the torsion two-form of O(M). The kinetic
term §C) F*®*F . ; for the anti-de Sitter gauge field in (6.7) then reduces to a gravitational
Lagrangian which, besides curvature-squared and torsion-squared terms, also contains
the Einstein action with a cosmological term. In fact,

FCF P F 5= Ci3Q" Qo — 20 @+ 3 2 600 g Q™0 07+ 41 £,1a8°0°0°6%).  (7.3)

If we put C,=(1/162)(1/g}), g,= I,/ where /, is the Planck length, then the Lagrangian
{6.7) projecied to the base manifold defines an Einstein-Cartan-Yang-Mills theory.
The constants C;, C; and C, can be identified as the gauge couplings from strong and
electroweak interaction, ie. Ca=—1/(2g%), Ci=—1/(2g%), Cs=—1/(2g""). The other
components of the total Lagrangian (6.6) give a further matter Lagrangian for the
gravitation theory. Gravitational Lagrangians of type (7.3}, where the Einstein Lagrang-
ian is combined with a Lagrangian corresponding to that of a Yang-Mills theory of
the Lorentz group, have been considered before [19, 20]. Field equations are obtained
from (7.3) by independent variations with respect to 8" and ™. If (7.3) is supplemented
with the matter Langrangian ¥y, they have the form

U e d X G + I DYO g+ 5 Y £,5040°0" 0 =8t T — LTV - 72T @ (7.4)
1722054 ®°07— 207200, + D*Q, =81g}S,s (7.5)

where the energy momentum and spin angular momentum three-forms of the matter
fields are defined as

o Fu=060°T™M (7.6a)
Sofru=300"5,. {7.65)

75 and T5® are the Yang-Mills energy-momentum three-forms associated with the
curvature kinetic energy —3Q“*Q),, and the torsion kinetic energy —0*®,, respec-
tively [19, 20]. We note that there is no third {redundant) field equation which appears
in metric-affine gauge theories [21] by considering the metric tensor of the base manifold
M as a third independent geometric potential. In the present formulation, with the
gravitational Lagrangian defined on the Lorentz frame bundle, everything is referred
to orthonormal frames, and there is no possibility for considering changes of the metric
tensor. From the first Bianchi identity DO7 =08, and the field equations, one obtains
the Noether identity for the Lorentz symmetry

*DSu="*(8,T™ ~ 0,Ti™) (7.7)

where we also used that (*D*)?Q,,=0 [17] and the fact that the currents T and
T$® are symmetric. For zero torsion (7.5) reduces to the Yang-Mills field equation
for an SO(1, 3) gauge theory with 8ng7 as a dimensionless coupling. This equation then
implies that the lefi-hand side of (7.7) vanishes such that 8, 75" =0, which means that
for zero torsion the energy-momentum tensor T3 of the matter fields is symmetric
and can be identified as the Belinfante-Rosenfeld energy momentum tensor [22]. In a
torsionless vacuum, the field equations have anti-de Sitter space [23] with constant
negative curvature —1/1% as a solution since T4 vanishes for Einstein spaces [24]. For
this solution, the cosmological term vanishes if the de Sitter length / — oo, corresponding
to an anti-de Sitter —» Poincaré contraction of the spacetime symmetry group. In this
limit, the theory in fact reduces to the Stephenson-Yang theory, studied extensively by
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Fairchild {24]. With [ — /, and the torsion constrained to zero, (7.4) reduces to Einstein’s
field equation as long as lhe curvature of spacetime does not approach 1,//2. The vacuum
then has an enormous (negative) energy density, However, quantum correctlons will
generate such a cosmological term even if it was initially absent [25]. Since /,=constant,
the limits considered are determined by the value of g7. In a quantum feld theory, the
dimensionless coupling g7 of the anti-de Sitter gauge theory is not a constant but evolves,
just like the other couplings in the theory, according to the 8-functions in the renormal-
ization group equation. Solving these equations is necessary to determine the effective
gravitational theory. 1t will also make a contribution towards solving the problem of
the cosmological term in the contemporary universe.
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Appendix

In this appendix we list our choice of conventions for the Pauli, Gell-Mann and Dirac
matrices, and introduce further notation.

The Pauli matrices o,=0',s=1,2, 3, provide a set of basis operators of the funda-
mental irrep of su{2):

.
o~1=[(1) (1)] 0'2=l:i (;] 03=B _01] (A1)

The Gell-Mann matrices A4, =2}, k=1,2,..., 8, provide a set of basis operators
of the fundamental irrep of su(3):

010 0 —-i 0 1 00
A=l1 0 0 =i 0 ¢ Ar=l0 ~1 0

0 0 0 [0 0 0] 0 0 0

[0 0 1- [0 0 —i] 0 0 0
A=|0 0 0 As=|0 0 0 =0 0 1} (A2)
1 0 0 i 0 0] (0 1 0

0 0 o0 i 0 0
A=|0 0 —i =(1/BD0 1 0l

o i 0 00 -2

The 4 x 4 matrices G 42= {Gus, Gaa}, "= "0 cp, Nap=diag(—1, 1,1, 1, -1),
a, b=0,1,2, 3, defined as

o-ab=:"":lii[ya, Tb} 04«=%y0 (AB)

provide a set of basis operators of the fundamental spinor irrep of s6(2, 3), and

ohs= . The Dirac matrices y*= 1%y, generating the real Clifford algebra C(1, 3),
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are represenied by

| 0 0, o
0_ 2 2 5 2 b
¥ = = = . Ad
[Uz —12] ’ [_Gs 02] =123 -

We also introduce y*=1/, and the five-vector operator {¥*}={y" 7', ¥*, ", ¥*}. va=
NasY”". Finally,

_ 0, 1
r5=i17°Y‘727’3=?s=[]: oj (A5)
and
0, o
— 0 2=—v 2 2
C=—-iyy 1[62 0, :I (A9)

is the charge conjugation matrix.
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